
Math 564: Real analysis and measure theory
Lecture 4

lebesque promeasure on IR!

Analogously to Bernoulli measures on A
,

we define a premeaue on the algebra A gene-

rated by boxes in Id. Note that the elements of A are finite disjoint uniors of
boxes

, just like how the dopen sets in AI for finite A are finite disjoint unious of
↳linders .
We first define a premeasure on boxes :

* It, x1 X
. . .
x[d) : = th(11) · Ch(F2) .. . . . Ch(Fd)

,

where Ih( intervall = fright endpoint) - Heft endpoint) and we set 0 . 8 = P.

We then "defie" the potential processive on A by
x (A) := z Y (B)
BEP

where O is any
finite partition of A into boxes. As with Bernoulli

,
we needhe show

that this is well-defined
,
i
.

e
. doesn't depend on the voice of the partition P.

As with Bernoulli
,
we show that if a box is patified into a "homogenes" collection of

boxes
,
then i is ficitly additive

.
The motion of "homogeneous" for baxes are goid-

partitious , namely , a partidient of a box B : = 1 , x Ex ... xId into ones of the follow

iny forms each Ire is partitioned into finitely many intervals In = If and
n < Nk

S & = Gib , Fix: (n,,..., NNex ... xN,

i Iix I
B

where we view N := 0
,

1
, . .
.,
N-13.

I

Claim (2)
.

If P is a grid-partition of a box B
,
Men (B)

=ZY(P)



Proof
. This is trivial in del

,
and 10 dal apply induction using the distributivity law:

(a , + an +... + dr) : (b , + bu + ...+ be) = za ; bj .
je

Claim (6) . If P, On are two finite partitious of a set AtA into boxes
,
then

zY(P ,
) = [Y(P) A

P, D BtPz
P

Proof . Take a grid-partition of A that is a common re- Pa
finement of P

,
and Pr. Details in HW.

This implies :

Cor
.

I On A is well-defined and finitely additive.

Claim (c) . X is otbly additive on A.

Proof. Because a finitely additive measure is always atbly superadative
,
it's enough

to prove abl subolditivity
.

We preve this in the case where a bounded box B

is written as a ctbl disjoint union of boxex : B = LBn .

The general case follows
NESX

easily from this and is left as a small HW exercise.

Bo
Bi In caseof cylinderofZ,WendKutBiscopaand

a

However we can approximate B by closed and Ba by open boxes.

B

BeBeB
Fix an 300.

Notation
.
For n

,
61

,
we write azad if la-blc2 .

Let B' & B be a closed box such t X(B1) X (B) . Also for each weN
,

let

Bu ? Bu be an open
box such but X(B2) Epi X (Bu) . Then 9B323 is an open



cover of the compact of B
,
so

there is a finite subover (BusN .

Then
monot Xfinite subadd .

↑ (B) =(x (B1) EXIVBul = [xBu) =EXIBuBy s
< N

X (B) = [x(B1) + 2 ,
which implies X(B)xBu) since & is arbitrary

a

We call this processive & onA the labesque promeasure.

Caratheodors extension.

todefinemeasures
,
we always define a premeasure on some algebra and apply the

following theorem
,
where we call a premeasure in on an algebra A on X -finite if

X = /An for some And A with M1An) <& ·

nec

Thorem (Caratheodory) · Every premeasure m on an algebra A on a set X admits an
extension to a measure on the sigma-algebra < A58. Moreover :

The outer measure M* is such an extension and any extension - satisfies ->*.
If m is definite

,
then the extension is unique and equal to ut.

To prove his
,
we need the following motion :

Def . LetA be an algebra on a set X andI be a premeasure on A. . The outer

measure ofM is the function Mt : PIX) -> 10,3 defined by : b- SIX,

M
& (5) := infhMIAn) : VAES and (AnteEA] Do Al

UEIN
S

As
Ac

Properties of outer measure . (a) Monotone : MO(A)MB) for A = B = X.

1) Ctbly subadditive : MMIUSu)EEDS for all 3
,
SucX.

An As Az



Propf. (a) follows from the definition of because a cover of B is also a cover of A.
Same for 16) : the union of covers of the Su is a cover of VSn.

ne()

Lemma. For any premeasure en on an algebra A ,
the outer measure M

*
on A is equal to m :

n
*

1 = M.

Proof
. Let AtA and let \Artue = A be a cover of A

. By disjointification , we
we may assure Mat te An are disjoint ; also by replacing An with AndA

,
we

~my accone A = An
.

But then by atbl additivity of M , we have MIA) =ZMA , ,
so even withMe original An , we had (A) EEMIA) by monotonicity.

Caratheodory's theorem : existence. Every premeasure in on an algebra A on a set X

admits an extension to a measure on the sigma-algebra < A58 .

In fact
, Me is

such an
extension

.

Proof
.

To chow Met MF is otbly additive on <A3a , it is enough to shor that

it is finitely additive becoe: outer measures are atbly subadditive and finite

additivity implies atbl super additivity.


